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A quasi-one-dimensional model is formulated to assess unsteady gas dynamics occurring within axisymmetric

explosively actuated valves. The model accounts for pressure-dependent explosive burn within an actuator,

compressible product-gas flow through a narrow port connecting the actuator to a gas expansion chamber, and

piston motion due to the combined effects of gas-dynamic forces within the expansion chamber and structural

deformation forces between the piston and valve bore. The initial boundary-value problem is posed in terms of

generalized coordinates to facilitate numerical computations on a domain that volumetrically expands due to

combustion and pistonmotion. Predictions for a baseline configuration that is representative of a conventional valve

indicate that gas-dynamic waves do not result in irregular operation, implying that spatially homogeneous models

may be adequate for describing its performance. However, small changes in valve geometry and explosive mass can

produce large variations in gas-dynamic fields that significantly affect both the magnitude and frequency of the

pyrotechnic shock transmitted to the valve’s supporting structure. Port diameter is shown to control the rates of

explosive energy release and acoustic energy transport, which can significantly affect pistonmotion and stroke time.

I. Introduction

M ANY solid explosives rapidly produce large amounts of gas
when burned; as such, they are routinely used as self-

contained, high-pressure gas sources to remotely actuate devices
such as pin pullers, valves, thrusters, and cable cutters [1–4]. These
devices often perform critical functions within the aerospace
industry, including chute deployment, emergency jettison of compo-
nents, and fuel flow control [5–7]. Miniaturization of explosively
actuated devices has also been explored to accommodate smaller
systems that reduce payload mass [8,9]. For example, the work of
Rossi et al. [10–12] has recently focused on the development of
microthrusters for satellite attitude control. Historically, assessing
device performance has been time-consuming, expensive, and
heavily based on empiricism [13]. Although experiments are neces-
sary to observe actual device behavior, computational modeling can
facilitate interpretation of experiments and assist in the design of new
devices.

Assessing the performance of explosively actuated valves requires
understanding the complex interplay between pressure-dependent
combustion, mass and acoustic energy transport, structural me-
chanics, and device geometry. An overall objective of this work is to
formulate a comprehensive model that can be used to quickly
examine the effects of geometric, structural, and energetic material
modifications on the power-producing capability and performance of
explosively actuated devices. To this end, we focus on describing the
operation and performance of a conventional valve, but emphasize
that our model can be easily adapted and applied to other devices
such as pin pullers and cable cutters. Here, performance collectively
refers to quantities that are typically used to characterize valve
operation, including its pressure history, stroke time, and pyrotechnic
shock.

The axisymmetric valvemodeled in this work is shown in Fig. 1 in
both its prefired and postfired configurations. Representative valve
dimensions are indicated in the figure; other relevant dimensions are
given later in this paper. The purpose of this valve is to enable flow of

stored nitrogen gas through a transfer conduit at a desired time. The
valve is driven by the combustion of 150 mg of the solid explosive
HMX (C4H8N8O8) containedwithin a small actuator cartridge that is
threaded into the device directly above the product-gas expansion
chamber. Combustion of the explosive, which is initiated by an
embedded hot wire, produces a mixture of high-temperature gases
that rapidly pressurize the actuator volume. The explosive and
combustion products are initially sealed within the actuator by a
metal burst disc that facilitates ignition and subsequent combustion
by allowing for pressure buildup before rupturing. The burst disc
ruptures when the pressure within the actuator exceeds a critical
value (�55 MPa), enabling the flow of product gases (and possibly
some unreacted explosive) through a narrow actuator port (3.8 mm
diameter) and into the expansion chamber, where it exerts a net axial
force on the open end of the piston (8.0 g mass), pushing it into the
valve bore. This pistonmotion induces elastic–plastic deformation of
both the initially tapered, hollow, piston skirt and the confining
valve bore, resulting in significant resistance forces between these
components, due to mechanical interference. The cutter, attached to
the closed bottom end of the piston, penetrates the diaphragm as the
moving piston is brought to rest by contact with the stops. Valve
operation is complete approximately 90 �s following ignition as
stored nitrogen gas flows through the newly created opening into the
gas transfer conduit.

Several models have been developed to describe phenomena
associated with the operation of pyrotechnically and explosively
actuated devices. Notablemodels include those ofNg andKwon [14]
and Jones et al. [15] applied to valves, those of Kuo and Goldstein
[16] andGonthier and Powers [17] applied to pin pullers, and those of
Butler et al. [18] andVorozhtsov et al. [19] applied to airbag systems.
Most relevant to this study is themodel recently formulated byBraud
et al. [20], which describes the coupled, time-dependent, system-
level response of explosively actuated valves. Their model accounts
for burning of solid explosive to form product gas within an actuator,
transport of product gas from the actuator to an expansion chamber,
and insertion of an initially tapered piston into a constant diameter
bore by gas pressure within the expansion chamber. Many of these
models assume that acoustic time scales are much smaller than the
device operation time, which results in time-dependent, spatially
homogeneous, thermodynamic fields that can be described by a sys-
tem of ordinary differential equations (ODEs). As such, thesemodels
are incapable of predicting temporal and spatial fluctuations in
pressure arising from acoustic-wave interactions within product
gases and their effect on explosive combustion, piston motion, and
pyrotechnic shock.
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The potential need for a gas-dynamic analysis is established by
comparing representative acoustic times with the device operation
time. For example, the nitrogen cartridge valve is characterized
by the actuator and expansion-chamber lengths La and Lec, which
define longitudinal acoustic time scales �a � La=ca and �ec�
Lec=cec, respectively, where ca and cec are representative acoustic-
wave speeds. If the valve operation time is given by �v, then
spatial nonequilibrium effects induced by wave propagation are
unimportant for �=�v � 1, where � is the acoustic time scale. For
valves considered in this study, La � 5 mm, Lec � 20 mm,
ca � cec � 1:29 mm=�s, and �v � 90 �s. Therefore, �a � 3:9 �s,
�ec � 15:5 �s, �a=�v � 0:043, and �ec=�v � 0:172. These estimates
indicate that longitudinal-wave propagation may influence device
performance, particularly within the expansion chamber. Lateral-
wave-propagation effects may also be important, because the device
diameter is comparable with its length. Here, we focus only on
describing leading-order effects of transverse waves based on a
quasi-one-dimensional (quasi-1-D) formulation; a rigorous multi-
dimensional gas-dynamic analysis will be addressed by our future
work. Noteworthy is the analysis performed by Lee [21], which
demonstrated that one-dimensional (1-D) gas-dynamic waves can
affect the performance of small explosively actuated valves. Though
Lee’s work accounted for gas–wall friction and heat transfer within a
simple valve configuration and for volume change induced by piston
motion, it did not account for device cross-sectional area variations or
the effect of gas-dynamic waves on explosive burn. Gas-pressure
fields are of specific interest, because explosive burn is largely
pressure-dependent.

During actuation, gas-dynamic pressurewaves within the actuator
and expansion chamber generate large-amplitude, high-frequency
stress waves within the device’s mechanical components, which

collectively transmit a pyrotechnic shock to the supporting structure.
It is important to consider pyrotechnic shock in both the design and
selection of a device for a specific task [22]. Shock-induced failure
of brittle components and electrical equipment (such as relays,
switches, and glass diodes) has been reported in the literature [23].
Predicting pyrotechnic shock is indeed difficult because of the
complex solid mechanics involved. However, because the valve’s
housing is stiff compared with the gas, its deformation, which is
driven by the gas dynamics, only minimally affects the gas volume;
thus, it is reasonable to assume that the gas dynamics are independent
of the solid mechanics. In this respect, our gas-dynamic analysis can
also provide leading-order information about pyrotechnic shock.

Specific objectives of this study are to characterize the 1) influence
of gas-dynamic waves on both explosive burn and piston motion
within axis-symmetric valves, 2) leading-order pyrotechnic shock
produced during operation, and 3) influence of valve geometry and
explosive mass on performance. Additionally, because of recent
interests in miniaturization of explosively actuated devices, we
examine how valve performance varies with reduction in size.

An outline of this paper is as follows. The unsteady quasi-1-D
model (with assumptions, governing equations, initial conditions,
and boundary conditions) is first posed in Sec. II. In Sec. III, the
initial boundary-value problem (IBVP) describing valve operation is
expressed in terms of generalized coordinates to facilitate its numeri-
cal integration, the numerical integration strategy is discussed, and
simple problems with analytical solutions are simulated for model
verification. In Sec. IV, baseline valve predictions are presented and
comparedwith experimental data. An analysis is performed in Sec. V
to characterize the sensitivity of predictions to parameters of design
importance, as well as those associated with the constitutive theory,
and miniature valve predictions are presented and discussed in
Sec. VI. Finally, conclusions and recommendations for future work
are summarized in Sec. VII.

II. Model Description

The mathematical model is formulated in this section. The model
describes 1) pressure-dependent burn of a granular solid explosive,
2) mass and acoustic energy transport within and between the
actuator and expansion chamber, and 3) piston motion within the
valve bore driven by high-pressure gas acting on its surface and
opposed by piston-housing interference.

Figure 2 depicts the simplified axisymmetric valvemodeled in this
study. Important geometrical features of the actual valve are retained,
including cross-sectional area variations with axial position, volume
changes within the actuator due to explosive burn, and volume
changes within the expansion chamber due to piston motion. The
quasi-1-D assumption is reasonable for small continuous changes in
cross-sectional area; as such, the abrupt area change near the port is
considered to be smooth for this analysis. The small area variations
occurring within the tapered region of the piston and expansion
chamber [which are greatly exaggerated in Fig. 1a, for clarity] are
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ignored because they minimally affect the gas dynamics; con-
sequently, the expansion chamber is modeled as having constant
cross-sectional area beyond the port region. This slightly tapered
region, however, does affect piston resistance, due to geometrical
interference between the piston and valve bore. This interference is
accounted for by the model, because it significantly affects piston
motion and performance. Other simplifications and assumptions
are explained later in this section. In Fig. 2, combustion product
gas is confined to the domain �Le�t� � x � Lp�t�, where Le�t� and
Lp�t� are the instantaneous locations of the explosive and piston
boundaries, respectively. Gas mass, momentum, and energy fluxes
due to combustion are imposed at Le�t�, and an equation of motion
for the piston is imposed at Lp�t�. An increase in gas volume within
the valve results from the axial motion of these boundaries with time.

A. Equations

Equations governing the evolution of combustion product-gas
mass, momentum, and energy within the domain �Le�t�< x <
Lp�t� are classical and are given by the quasi-1-D equations [24],
respectively,
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Independent variables appearing in these equations include time t
and axial position x. Dependent variables include gas density �,
velocityu, pressurep, and total specific energyE� e� u2=2, where
e is mass specific internal energy. The forcing term in Eq. (2)
represents an axial momentum exchange with the surroundings
induced by pressure interactions along the curved surface of thevalve
wall. Because of the valve’s fast operation time, heat transfer to the
surroundings is small and is ignored. The axial variation in valve
cross-sectional area A�x� is a prescribed function that is repre-
sentative of the actual valve geometry.Moving area terms to the right
of the equalities in Eqs. (1–3) gives
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This form of the governing equations is preferred in this study,
because A�x� is prescribed and the derivative dA=dx can be directly
evaluated. Thermal and caloric equations of state for the gas are
assumed to be ideal and are given, respectively, by

p� �RT; e� cvT (7)

where R is the gas constant and cv is the constant volume specific
heat. Values for R and cv were chosen to match values for HMX
product compositions [25] predicted by the CHEMKIN thermo-
chemistry package.

Equations (4–7) constitute a system of five equations and five
unknowns (i.e., �, u, e,p, and T). Initial conditions prescribed on the
domain L0

e � x � L0
p, where L

0
e and L0

p are the initial boundary
locations, and are given by

p�x; 0� � p0; T�x; 0� � T0; u�x; 0� � 0 (8)

The gas equations of state are used to evaluate �0 � ��p0; T0� and
e0 � e�T0�. Appropriate boundary conditions are specified in the
following subsections.

B. Boundary Conditions

Product-gas mass, momentum, and energy fluxes imposed at
x��Le�t� are determined based on a simple combustion model.
To this end, it is assumed that the ignition process, triggered by an
embedded hot wire in practice, occurs quickly and uniformly
throughout the explosive, producing Ne simultaneously burning
spherical grains within the combustion zone depicted in Fig. 3a. It is
further assumed that the combustion zone is well-stirred so that no
spatial variations in explosive and gas properties exist within it.
Ignoring kinetic energy changes, the evolution of mass and energy
for the solid explosive and product gas contained within the
combustion zone are described by

d
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d

dt
��g�gVc� � �eAere � _mg (10)

d

dt
��e�eVcee� � ��eAereee (11)

d

dt
��g�gVceg� � �eAereee � _mg

�
e� p

�
� u

2

2
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where explosive properties are denoted by subscript e, and gas
properties contained within the combustion zone are denoted by
subscript g. Forcing terms in Eqs. (9–12) account for mass and
energy exchange between the explosive and gas, due to combustion
and flow of gasmass and energy through the explosive boundary into
the remaining actuator volume, as depicted in Fig. 3b. Note that all
explosivemass is confined to the combustion zonewithin the context
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of this model. New variables appearing in these equations include
the explosive and gas volume fractions�e � Ve=Vc and�g � Vg=Vc,
the combustion zone volume Vc, the explosive-burn rate re, the
explosive-burn surface area Ae, and the product-gas mass flow rate
through the explosive boundary _mg, where _mg � �uAa, andAa is the
actuator cross-sectional area. Frommixture theory, the explosive and
gas products within the combustion zone are constrained by the
condition

�e � �g � 1 (13)

The combustion zone volume decreases with time as the explosive
burns and gas productsflowacross the explosive boundary. The time-
dependent combustion zone volume is given by

Vc�t� � Aa�La � Le�t�� (14)

where La is the constant actuator length. As commonly done,
the explosive-burn rate is taken to be pressure-dependent [26].
Expressions for the explosive-burn rate, radius of a single burning
grain, and total explosive-burn surface area are given by

re � �
dRe
dt
� apn; Re �

�
3�eVc
4�Ne

�
1=3

; Ae � 4�R2
eNe

(15)

where a and n are empirically determined burn-rate constants. The
explosive is assumed to be incompressible (i.e., �e � �0e), and heat
interaction between the explosive and product gas is ignored. As
such, it can be shown bymultiplying Eq. (9) by ee and subtracting the
result from Eq. (11) that the explosive specific internal energy is
constant during combustion (i.e., ee � e0e).

For simplicity, it is assumed that �g � 1 within the combustion
zone. Therefore, to leading order, �g � 0 and �e � 1 � �g � 1 from
Eq. (13). Substituting �e � 1 and the geometrical relation for Vc into
Eq. (9) and rearranging the result gives

dLe
dt
� Ae
Aa
re (16)

which describes the evolution of the explosive boundary; the initial
condition for this equation is Le�0� � L0

e. In this limit (�e � 1), the
last two expressions in Eq. (15) reduce to

Re�t� �
�
3Aa�La � Le�t��

4�Ne

�
1=3

; Ae�t� � 4�Re�t�2Ne (17)

Note that Eq. (16) depends on the gas pressure at the explosive
boundary through re�p�; this pressure is numerically estimated based
on a linear extrapolation of pressure from within the gas domain,
as explained in the following section. Consequently, gas-pressure
waves occurring within the actuator chamber will influence explo-
sive combustion. Likewise, substituting �g � 0 into Eqs. (10) and
(12) and rearranging the resulting algebraic expressions gives gas
mass and energy fluxes at the explosive boundary:
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where q � e0e is the specific combustion energy of the explosive.
Equations (18) and (19) contain the four unknowns �, u, e, and p.
Given the product-gas pressure at the explosive boundary p and
using the gas equations of state, then Eqs. (18) and (19) can be
combined to obtain a quadratic expression for �:
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Numerical experiments indicate that only one root of this expression
is nonnegative and thus physically meaningful. Corresponding
values for u��; p� and e��; p� can be obtained from Eqs. (18) and
(19). The product-gas momentum flux at the explosive boundary is
then specified by �u��; p�2 � p. Once combustion is complete at
t� tburn, thenLe�t� � La, and the boundary condition is switched to
a zero-mass-flux condition, which requires that u�La; t� � 0 for
t � tburn.

We now specify the piston boundary condition imposed at
x� Lp�t�. Newton’s law of motion for the piston is given by

mp

d2

dt2
�Lp� � Fp � FR (20)

where Lp�t� is the piston axial location,mp is the piston mass, Fp is
the gas-dynamic pressure force, and FR is the piston-bore resistance
force. As mentioned, cross-sectional-area variations associated with
the hollowpiston are ignored because they are small, and the piston is
modeled as a flat disc within the context of our gas-dynamic model.
The gas-dynamic pressure force acting on the piston is given by

Fp�t� � p�Lp�t�; t�Ap (21)

where Ap � �D2
ec=4 is the constant piston cross-sectional area. The

initially tapered piston skirt and its thickness are important, however,
in determining the piston-bore resistance force. We account for this
force using the elastic–plastic piston-housing deformation model
developed by Braud et al. [20]. Here, we only discuss key features of
this model, as the cited references gives a comprehensive derivation
and discussion.

The piston resistance model is based on cylindrical-pressure-
vessel theory. The resistance force is determined by the interface
stress between the piston and housing, which depends on their
material properties and thicknesses. The piston skirt is assumed to
initially lie completely within the shallow tapered region of the
expansion chamber located immediately adjacent to the valve bore.
Only the skirt contributes to piston resistance; the remaining part of
the piston that initially resides within the bore is assumed to be
frictionless.

The skirt gradually deforms as it is pushed into the bore by gas
pressure, as illustrated in Fig. 4a. The resistance force consists of two
components:

FR�t� � Fskirt�t� � Fbore�t� (22)
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where Fskirt�t� accounts for that part of the skirt that instantaneously
resides within the tapered section of the expansion chamber, referred
to as the skirt region, andFbore�t� accounts for the part of the skirt that
has been pushed into the bore. Initially, Fskirt � Fbore � 0, and
Fskirt ! 0 as the entire piston is pushed into the bore. During this
process, geometrical interference and gas pressure cause a com-
pressive radial stress to act along the skirt-housing interface (i.e.,

�r �� ~P); the gas pressure is taken to be the instantaneous pressure
acting at the piston boundary p�Lp�t�; t�. The interface stress locally
induces a tangential traction given by ~� ��� ~P, where � is a
constant friction coefficient. Because the interference will generally

vary with both axial position and time, then ~P� ~P��; t� and
~� � ~���; t�, where � is an axial coordinate measured relative to the
top of the piston, as illustrated in Fig. 4b. The inner, interface, and
outer radii of the skirt-housing cross section at a given axial location
are denoted by a��; t�, b��; t�, and c��; t�, respectively. The resistive
force components are therefore given by

Fskirt�t� � ��s cos 	� sin 	�
Z
Askirt

~P��; t� dA

Fbore�t� � �b
Z
Abore

~P��; t� dA
(23)

where �s and �b are the friction coefficients in the skirt and bore
regions, and 	 is the initial skirt taper angle measured relative to the
axis of symmetry. The friction-coefficient valueswere determined by
quasi-static compression tests performed on actual nitrogen cartridge
valves [20]. Because the skirt and bore regions have the shape of a
conical frustum and cylinder, respectively, the integrals in Eq. (23)
can be reduced to one-dimensional integrals in terms of �:
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L̂ � Lp�t�

�
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The constant bore radius is given by Rb.
It is further assumed that the piston and housing experience only

small deformations. Thus, the piston length L̂p remains approxi-
mately constant, since 	 is small (�9�). To complete the evaluation of

FR�t�, the interface stress ~P��; t� must be estimated. This stress is
locally evaluated based on a steady, two-dimensional, elastic–plastic
plane-strain theory, which assumes that the stress field rapidly
equilibrates during piston motion. This equilibrium assumption is
reasonable, because the acoustic speeds within the piston and
housing are significantly larger than that of the high-temperature
product gas. Details of the derivation and solution behavior are given
in [20].

Using the expressions for Fp and FR, Eq. (20) can be numerically
integrated to determine piston position and velocity. To this end, the
second-order ODE is split into an equivalent first-order system:

mp

dvp
dt
� Fp � FR (25)

dLp
dt
� vp (26)

where vp�t� is the piston velocity. Initial conditions for these
equations are vp�0� � 0 and Lp�0� � L0

p. A zero-mass-flux con-
dition is imposed on the product gas at the piston boundary, which
requires that u�Lp�t�; t� � vp�t�. Once the piston completes its
stroke at t� tstk, then Lp�t� � Lec and u�Lec; t� � 0 for t � tstk.

In summary, the IBVP is given by Eqs. (4–7), with the initial
conditions of Eq. (8), and the stated boundary conditions atLe�t� and
Lp�t�.

C. Pyrotechnic Shock

The time-dependent axial force transmitted to the valve’s
supporting structure is given by

Fpyro�t� � Fa�t� � Fp;a�t� � Fec�t� (27)

where Fa�t� is the pressure force that acts on the rear planar actuator
surface, Fp;a�t� is the net axial pressure force that acts on the curved
surfaces of the valve, and Fec�t� is the transmitted force that acts on
the housing through piston contact. For the purposes of this study,
this force is interpreted as the pyrotechnic shock, even though it does
not directly account for the rate-dependent dissipation that is likely to
occur within structural components.

The pressure force Fa�t� that acts on the planar actuator surface
at x��La is based on the local stagnation pressure, because the
velocity is zero at that location:

Fa�t� � �p0�t�Aa (28)

where the stagnation pressure p0 is given by

p0�t� � p��Le�t�; t�
�
1� � � 1

2
Ma��Le�t�; t�2

� �
��1

(29)

Here,Ma��Le�t�; t� is the Mach number at the explosive boundary,
and � is the specific heat ratio. Once combustion is complete, then
Ma��La; t� � 0 so that p0�t� � p��La; t�. The net axial pressure
force Fp;a�t� that acts on the curved surface is obtained by inte-
gration; given the spatial variation in valve diameter D�x�, the
following expression is obtained:

Fp;a�t� � �
�

2

Z
Lp�t�

Le�t�
p�x; t�D�x� dD

dx
dx (30)

Depending on the pressure fields within the actuator and expansion
chamber, this force may act in either direction. As the piston is
inserted into the bore, it exerts a reaction force Fec�t� on the valve
housing that acts in the positive x direction. Following piston stroke,
the piston comes to rest and the pressure force is entirely transmitted
to the housing. Therefore, Fec�t� is given by

Fec�t� �
�
FR�t� for t < tstk
p�Lec; t�Ap for t � tstk

(31)

III. Numerics

The method used to integrate the IBVP posed in the previous
section is now described. The governing equations arefirst expressed
in terms of generalized coordinates to facilitate their numerical
integration on the expanding domain Le�t� � x � Lp�t�, subject to
flux conditions at the explosive and piston boundaries. The technique
used to numerically solve the transformed equations is then briefly
described, followed by representative predictions that establish both
numerical verification and convergence.

A. Generalized Coordinates

Equations (4–6) are expressed in terms of generalized coordinates
on a fixed computational domain using the algebraic transformation


� x � Le�t�
Lp�t� � Le�t�

; � � t
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where 
 2 	0; 1
 and � 2 	0;1�, respectively. The differential
operators are determined by direct application of the chain rule:

@

@x

����
t

�
xjt
@

@


����
�

;
@

@t

����
x

�
tjx
@

@


����
�

� @

@�

����



(32)

where the grid metrics are given by 
x � 1=x
 and 
t ��x�=x
.
The metric 
x is the Jacobian, which accounts for grid stretching.
These metrics can either be evaluated by direct differentiation or by
finite differencing using grid-point locations in both coordinate
systems. In this work, the metrics are evaluated by finite differencing
to generalize our algorithm for future inclusion of more complex
transformations. Simulations were conducted with the grid metrics
evaluated by both methods, and the results were indifferent.

Applying the differential operators given by Eq. (32) to Eqs. (4–6)
and rearranging the results gives the following equations expressed
in terms of generalized coordinates:

@
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(33)
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(35)

The variable Uc appearing in these equations is the contravariant
velocity defined by Uc � 
t � 
xu, which is the velocity of the gas
in the 
 direction. Equations (33–35) constitute a strictly hyper-
bolic system of partial differential equations; the eigenvalues of
the generalized flux Jacobian matrix (@f=@q, where f and q are
defined in the following subsection) are both real and distinct and are
given byUc,Uc � 
xc, andUc � 
xc, where c�

����������
�RT
p

is the sound
speed. These eigenvalues are needed for the implementation of the
numerical technique. A complete derivation of the transformed
equations and the eigenvalues of the generalizedflux Jacobianmatrix
can be found in [25].

The boundary conditions established in the preceding section are
expressed in terms of generalized coordinates by applying Eq. (32) to
Eq. (16) for the explosive boundary and to Eqs. (25) and (26) for the
piston boundary; the resulting expressions are given by

dLe
d�
� Ae
Aa
re (36)

mp

dvp
d�
� Fp � FR (37)

dLp
d�
� vp (38)

Equation (36) is imposed at 
� 0, and Eqs. (37) and (38) are
imposed at 
� 1. Since Le�t�, vp�t�, and Lp�t� are functions of time
only, Eqs. (36–38) are identical to those expressed in the physical
domain.

B. Kurganov–Tadmor Technique

The high-resolution numerical technique used in this study to inte-
grate the model equations was formulated by Kurganov and Tadmor
[27]. This technique is total variation diminishing (TVD), enabling
shocks to be resolved with minimal artificial diffusion and dis-
persion. Only the eigenvalues of theflux Jacobianmatrix are used; no
additional knowledge of the model eigenstructure is required. To
implement this technique, it is necessary to express Eqs. (33–35) in
the vector conservative form:

@

@�
q�
; �� � @

@

f�q�
; ��� � w�q�
; ��� (39)

where q 2 <3 is the conserved variable vector, f�q� 2 <3 is the flux
vector, and w�q� 2 <3 is the source vector (<3 is a set of three real
numbers):
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A semidiscrete finite volume form of Eq. (39) is numerically
integrated on a fixed domain that is discretized intoN
 evenly spaced
cells of width �
� 1=N
. Cell centers are located at positions 
j
(j� 1; . . . ; N
), and corresponding cell interfaces are located at
positions 
j�1=2 � 
j ��
. The semidiscrete system of ODEs is
given by

dQj���
d�

��
Fj�1=2��� � Fj�1=2���

�

�Wj���; (40)

whereQj��� is a numerical approximation to q�
j; ��, Fj�1=2��� and
Fj�1=2��� are numerical flux vectors, and Wj��� is a numerical
approximation tow�
j; ��. The numerical flux function is defined by:

Fj�1=2��� �
f�q�j�1=2���� � f�q�j�1=2����

2

�
cj�1=2���

2
	q�j�1=2��� � q�j�1=2���
 (41)

where cj�1=2 is the maximum eigenvalue wave speed based on the
extrapolated values q�j�1=2, which are defined by

q�j�1=2��� � Qj�1��� �
�


2
�@q=@
�j�1���

q�j�1=2��� � Qj��� �
�


2
�@q=@
�j���

(42)

Equation (40) is numerically integrated in time using an explicit
fourth-order-accurate Runge–Kutta (4RK) technique. The integra-
tion time step �� is chosen based on a Courant–Friedrichs–Lewy
(CFL) condition for numerical stability (a CFL number of 0.4 was
used for all simulations performed in this study). Boundary
conditions given by Eqs. (36–38) are also simultaneously integrated
in time using the 4RK technique. The numerical algorithm is
nominally second-order-accurate in space and fourth-order-accurate
in time.

The Kurganov–Tadmor technique requires that the spatial
derivatives @q=@
 in Eq. (42) be computed on the computational grid
in a manner that preserves the TVD property. These derivatives are
estimated from cell averages using a #-dependent minmod limiter:

@q

@


����
j

�minmod

�
#
Qj �Qj�1

�

;
Qj�1 �Qj�1

2�

; #

Qj�1 �Qj

�


�

(43)

where the minmod function is defined by

minmod �d1; d2; d3� �

8<
:
min�di�; if di > 08 i
max�di�; if di < 08 i
0; otherwise

(44)

The numerical parameter # 2 	1; 2
 is selected in a manner that
optimizes resolution of discontinuities.
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C. Verification and Convergence

Three problems with analytical solutions were simulated to verify
our implementation of the numerical technique: 1) steady flow
through a Laval nozzle, 2) a shock-tube problem, and 3) unsteady
expansion induced by two impulsively retracted pistons. Each prob-
lem represents a limiting-form solution of the governing equations.
The first problem was chosen to verify effects of area variation on
time-independent grids, the second problemwas chosen to verify the
coupled space–time accuracy of the technique, and the third problem
was chosen to verify grid metrics for an expanding computational
domain. A comprehensive discussion of all verification problems is
given in [25].

Steady isentropic gas flow through a Laval (converging–
diverging) nozzle is addressed. For this analysis, subsonic upstream
flow within the converging section of the nozzle was imposed, with
subsonic and supersonic flowwithin the diverging section separately
considered. Analytical solutions to this problem are classical [28].
Equations (33–35), with 
x � 1 and 
t � 0, were numerically solved
on the domain 0 � 
� x � 1, and nonreflecting conditions were
imposed at both the upstream and downstream boundaries. The
initial condition consisted of a motionless gas with a uniform high-
pressure region to the left of the nozzle throat (located at x� 0:5 m)
and a uniform lower-pressure region to the right. The prescribed
nozzle cross-sectional area was A�x� � �D�x�2=4, where

D�x�

�

8>>><
>>>:

Dl for x� 0:25 m
�Dl�Dt�=2��Dl�Dt�cos�4�x�=2 for 0:25� x� 0:50 m
�Dr�Dt�=2��Dr�Dt�cos�4�x�=2 for 0:50� x� 0:75 m
Dr for x� 0:75 m

(45)

The subscripts l and r denote the maximum diameter to the left and
right of the throat; the throat diameter isDt. All parameters and initial
conditions used in these simulations are listed in Table 1. Simulations
were terminated once the flows reached steady state.

A comparison of the predicted and analytical solutions is given in
Fig. 5; in this figure, the nozzle radius is highlighted by the dashed
line. Figure 5a gives the steady Mach number profiles for both the
subsonic and supersonic cases. Figures 5b and 5c give the pressure,
density, and temperature ratios for the subsonic and supersonic
cases, respectively, where the stagnation properties are given by the
corresponding initial values in the converging section. The numerical
and analytical solutions agree well in all cases.

Table 1 Parameter values and initial conditions used

for the Laval nozzle problem

Subsonic Case Supersonic case

Parameter or
initial

condition

Value Units Parameter or
initial

condition

Value Units

Dl 2.0 m Dl 2.0 m
Dr 1.6 m Dr 1.6 m
Dt 0.8 m Dt 0.8 m
N
 400 —— N
 400 ——

p0
l 0.135 MPa p0

l 10.0 MPa
p0
r 0.1 MPa p0

r 0.1 MPa
R 287.0 J=�kg � K� R 287.0 J=�kg � K�
T0
l 300.0 K T0

l 300.0 K
T0
r 300.0 K T0

r 300.0 K
u0l 0.0 m=s u0l 0.0 m=s
u0r 0.0 m=s u0r 0.0 m=s
� 1.4 —— � 1.4 ——

# 1.5 —— # 1.5 ——
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Fig. 5 Comparison of the analytical and numerical solutions for the Laval nozzle problem: a) Mach number, b) property ratios for the subsonic case,

and c) property ratios for the supersonic case. The convergence-rate plot is shown in d).
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To establish convergence of the technique, we define the error
at time tn by (for steady flow through the Laval nozzle, we take
tn !1)

E�tn� � 1

N


XN

j�1

jp�xj; tn� � p̂�xj; tn�j
pr

(46)

where p�xj; tn� is the predicted pressure at position x� xj, and
p̂�xj; tn� is the corresponding analytical value. The quantity pr is a
reference pressure used to nondimensionalize the error. Assuming
that E / �x� and that�x / 1=N
, where � is the convergence rate,
we have that

log�E� / � log
�
1

N


�
(47)

Thus, the convergence rate is givenby the slope of a best-fit line in the
log�E� vs log�1=N
� plane. Figure 5d shows convergence-rate data
for supersonic flow through the Laval nozzle for 100 � N
 �
12; 800 cells. The reference pressure was taken as pr � p0

l . These
data indicate that �� 1:786. High-resolution shock-capturing
method slightly reduces its accuracy. Nonetheless, this convergence
rate exceeds the value of �� 1, which is typically computed for
problems involving discontinuities such as shocks and contact
waves, as shown subsequently.

Next, the 1-D shock-tube problem is considered, which involves
the time-dependent breakup of an initial discontinuity that separates
uniform regions of motionless gas with different thermodynamic
states into self-similar waves consisting of a shock, contact dis-
continuity, and expansion; it represents a common benchmark prob-
lem for numerical techniques applied to hyperbolic conservation
laws [29]. States to the left and right of the initial discontinuity are
labeled with l and r subscripts. This problem is governed by
Eqs. (33–35), with @A=@x� 0, 
x � 1, and 
t � 0. The initial
discontinuity is located at x� 0:5 m on the domain 0 � x�

 � 1 m. The domain is chosen to be sufficiently long so that waves
do not encounter the boundaries during the simulation; thus,
boundary conditions need not be imposed. All parameters and initial
conditions used for this simulation are listed in Table 2. A com-
parison between the analytical and predicted pressure at t� 0:6 ms
is shown in Fig. 6a; arrows in the plots indicate wave-propagation
directions. Because this solution is classical, it is not discussed in
detail here (details can be found in [29]). Overall, agreement is good,
with the shock captured within three–four computational cells.
Figure 6b shows convergence-rate data for the shock-tube problem
for 100 � N
 � 12; 800 cells. The reference pressure was taken as
pr � p0

l . These data indicate that �� 1:014. Though a value of
�� 2 might be anticipated, high-resolution shock-capturing
methods reduce to near-first-order accuracy in the vicinity of
discontinuities, due to artificial viscosity.

Finally, we verify our implementation of the grid metrics for a
physical domain that expands with time due to impulsively retracted,
constant-velocity pistons at its boundaries. The pistons bound an
initially motionless gas with uniform properties. A centered expan-
sion wave emanates from each piston surface, propagating into the
gas with time. A self-similar analytical solution exists for each
wave, which is valid before theymerge and nonlinearly interact [30].
This problem is governed by Eqs. (33–35), with @A=@x� 0. The
generalized coordinate transformation is given by


�
x � xp;l�t�

xp;r�t� � xp;l�t�

where subscript l and subscript r denote the left and right piston
boundaries. The locations of these boundaries are given by xp;l�t� �
x0p;l � vp;lt and xp;r�t� � x0p;r � vp;rt, where vp;l and vp;r are their

prescribed constant velocities, and xp;l�0� � x0p;l and xp;r�0� � x0p;r
are their prescribed initial positions. A zero-mass-flux condition
is imposed on the gas at each boundary, which requires that
u�xp;l�t�; t� � vp;l and u�xp;r�t�; t� � vp;r. Initial conditions and
parameters used for this problem are listed in Table 3. A comparison
of the numerically predicted and analytical pressure profiles is shown
in Fig. 7a at t� 1:00, 1.75, and 2.50ms; the left and right boundaries
in these plots correspond to the piston locations at t� 2:50 ms, and
the arrows indicate wave-propagation directions. Though a slight
discrepancy exists in the vicinity of the expansion-wave edges due to
artificial viscosity, the predicted and analytical solutions agree well;
wave speeds, magnitudes, and growth rates are accurately predicted.
Figure 7b shows convergence-rate data based on the solution at
t� 1:75 ms for 100 � N
 � 12800 cells. The initial pressure was
used as the reference pressure in Eq. (46). The convergence rate was
computed to be �� 1:004, which is comparable with the value for
the shock-tube problem, due to the existence of singularities in the
first spatial derivative of the solution at the wave edges.
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Fig. 6 Comparison of analytical and predicted solutions for the shock-tube problem at t� 0:6 ms: a) pressure and b) convergence-rate data.

Table 2 Parameter values and initial conditions

used for the classical shock-tube problem

Parameter or
initial condition

Value Units

N
 400 ——

p0
l 1.0 MPa
p0
r 0.1 MPa
R 287.0 J=�kg � K�
T0
l 300.0 K
T0
r 250.0 K
u0l 0.0 m=s
u0r 0.0 m=s
� 1.4 ——

# 1.25 ——
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IV. Baseline Valve Predictions

Predictions are now given for a baseline valve configuration
having dimensions that are representative of the conventional
nitrogen cartridge valve depicted in Fig. 1. The prescribed cross-
sectional area distribution is given by A�x� � �D�x�2=4, where

D�x�

�

8>>><
>>>:

Da for x��L0
e

�Da�Dt�=2��Da�Dt�cos��x=L0
e�=2 for �L0

e � x� 0

�Dec�Dt�=2��Dec�Dt�cos�2�x=L0
p�=2 for 0� x�L0

p=2
Dec for x�L0

p=2

(48)

Values for the model parameters are listed in Table 4. All simulations
were performed on a Linux workstation with an Intel Xeon 3.0 GHz
processor with 4.6 GB of memory. A typical run time for a single
simulationwithN
 � 2000 cells is approximately 30min. This value
of N
 was used for all simulations, because numerical experiments
indicate minimal variation in predicted stroke time for N
 > 1000
nodes [25].

Pressure-field predictions for the baseline configuration are shown
in Fig. 8 at various times following ignition; horizontal arrows in the
plots indicate the direction of wave propagation, and dashed lines
indicate the axial variation in device radius. Only the gas region
bounded by the explosive and piston boundaries is shown. Imme-
diately following ignition at t� 0 �s, a product-gas shock emanates
from the explosive boundary, driven by the production of gas mass,
momentum, and energy, which strengthens as it propagates through
the converging section of the device. This lead shock, as shown in
Fig. 8a at t� 0:38 �s, is partly transmitted through the port and into
the expansion chamber, causing the gasmass flow rate to choke at the
port throat. Some acoustic energy is reflected back through the
actuator, further increasing the combustion rate as it subsequently

interacts with the explosive. Consequently, a secondary compression
wave is formed near the explosive boundary that again propagates
toward the port. As these shocks propagate through the diverging
section of the expansion chamber, a compression wave develops
behind the shocks, as shown in Fig. 8a at t� 2:12 �s. The subplot in
Fig. 8a illustrates these waves at t� 2:12 �s across the spatial
domain 1:0 � x � 3:0 mm. The compression wave strengthens and
becomes a third shock as it slowly follows the two leading shocks.
The first two shocks coalesce, resulting in a single, stronger, lead
shock and multiple weak rarefaction and contact waves. The new
lead shock subsequently reflects off the piston surface and coalesces
with the third shock, again resulting in a single, stronger, shock and
multipleweak rarefaction and contact waves. Though complex wave
interactions occur within the expansion chamber, the actuator
pressure profiles remain smooth as combustion proceeds.

Figure 8b shows the pressure field at t� 12:70 �s, where a peak
pressure of approximately 820 MPa is predicted within the actuator,
and the remaining shock is observed at x� 5:5 mm. As the actuator
depressurizes, gas flow remains choked at the port. During this
period, pressurefieldswithin the entire valve aremostly smooth,with
minimal wave interactions occurring, as indicated in Fig. 8b at
t� 29:48 �s. The shock subsequently passes through the throat at
t� 41:37 �s, at which time combustion is nearly complete and
therefore unaffected by the impinging shock wave that is eventually
reflected off the rear actuator surface. Pressure fields become
complex after the shock passes through the port, as indicated in
Fig. 8c at t� 70:76 �s. Complete combustion occurs at tburn�
59:93 �s, and the piston reaches its stroke at tstk � 93:74 �s.
Because of the abrupt stop of the piston at stroke, a compression
wave forms and propagates back through the expansion chamber, as
shown in Fig. 8c at t� 95:30 �s.

It is both convenient and insightful to analyze the temporal
variation in average pressure within the actuator and expansion
chamber, given by

�p a�t� �
1

Va�t�

Z
0

�Le�t�
p�x; t�A�x� dx;

�pec�t� �
1

Vec�t�

Z
Lp�t�

0

p�x; t�A�x� dx
(49)

where

Va�t� �
Z

0

�Le�t�
A�x� dx; Vec�t� �

Z
Lp�t�

0

A�x� dx

Note that the actuator gas volume extends from the explosive
boundary to the port (i.e., Le�t� � x � 0), whereas the expansion-
chamber volume extends from the port to the piston surface (i.e.,
0 � x � Lp�t�). These integrals are evaluated numerically using the
trapezoidal rule.

Figure 9 shows the average actuator and expansion-chamber
pressure histories. The actuator rapidly pressurizes to a maximum

Table 3 Parameter values and initial conditions

used for the retracting pistons problem

Parameter or
initial condition

Value Units

N
 400 ——

p0 1.0 MPa
R 287.0 J=�kg � K�
T0 300.0 K
u0 0.0 m=s
vp;l �100:0 m=s
vp;r 50.0 m=s
x0p;l 0.0 m

x0p;r 2.0 m
� 1.4 ——

# 1.3 ——
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Fig. 7 Comparison of the analytical and numerical solutions for the retracting pistons problem at t� 1:00, 1.75, and 2.50 ms: a) pressure and

b) convergence-rate data.
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value near 800 MPa at t� 12 �s, due to the combined effects of
explosive mass and energy release by combustion and choked flow
through the port. The actuator pressure then decreases, due to the
increasing volume associated with the regressing explosive bound-
ary, and mass flow continues through the port and into the expansion
chamber. The expansion chamber pressurizes more slowly than the
actuator, due to both its larger volume and choked flow at the port
throat. Though the choked state at the actuator port evolveswith time,
the port remains choked for approximately

�pa
�pec

�
�
� � 1

2

� �
��1
� 1:79

corresponding to t � 30 �s. The average pressures nearly equili-
brate at t� 37 �s and both subsequently decrease due to volume
increases with piston motion. Figure 9 also shows the instantaneous
minimum and maximum pressure values within the actuator and
expansion chamber to highlight fluctuations about the mean due to
gas waves. For approximately t � 40 �s, few spatial fluctuations are
observed in the actuator as the maximum pressure remains close to
the average value. During much of this time, the minimum actuator
pressure occurs at the port, which remains choked, and is signifi-
cantly lower than the average value, due to the high gas velocity at
that location. Similarly, as the expansion chamber pressurizes, its
maximum pressure occurs at the port for approximately t � 30 �s,
as shown in Fig. 9b. The minimum expansion chamber pres-
sure deviates significantly from the average during this time.
Subsequently, the spatial locations of the minimum and maximum
pressure vary significantly, due to complex gas-wave interactions.

The predicted piston-velocity and force histories for the baseline
configuration are shown in Fig. 10a. The piston velocity increases
from rest only after the lead startup shock impinges upon it at
t� 6 �s. Because of piston resistance and inertia, its velocity
smoothly increases to a maximum value of 150 m=s at stroke,
despite the highly transient pressure force acting on its boundary. The
magnitude of this pressure force exceeds the piston-bore resistance
force throughout the stroke, resulting in a complex net positive force
acting on the piston. The predicted resistive force is both qualitatively
and quantitatively similar to that predicted byBraud et al. [20], based
on a spatially homogeneous model.

Figure 10b shows the pyrotechnic shock profile for the baseline
valve; the right axis expresses the shock in terms of gravity [i.e.,
Fpyro�t�=�mv � 9:81 m=s2�, where mv is the mass of the valve’s
housing]. The sign of this shock identifies its direction. Initially, the
pyrotechnic shock is dominated by high gas pressure within the
combustion zone. As combustion proceeds and the valve pressurizes,
the magnitude of the pyrotechnic shock increases, with large
oscillations occurring due to the combined effects of piston–bore
interactions and gas-wave interactions with the valve’s curved
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Table 4 Parameter values and initial conditions used

for the baseline valve configuration

Parameter or
initial condition

Value Units Ref.

Gas-dynamic model

a 2:926 
 10�7 Pa�0:8 m=s [31]
Da 7.988 mm ——

Dec 12.744 mm ——

Dt 3.776 mm ——

L0
e 0.750 mm ——

L0
p 7.932 mm ——

Lp�tstk� 13.932 mm ——

m0
e 150.0 mg ——

mp 8.0 g ——

mv 164.0 g ——

n 0.8 —— [31]
Ne 10,000 grains [20]
N
 2,000 —— ——

p0 100.0 kPa ——

q 5.84 MJ=kg [32]
R 337.59 J=�kg � K� ——

T0 300.0 K ——

� 1.235 —— ——

# 1.2 —— ——

�0e 1910.0 kg=m3 [32]
Piston resistance model

Eh 214.0 GPa [20]
Ep 200.0 GPa [20]
Hh 0.35 —— [20]
Hp 0.00 —— [20]

L̂p 2.54 mm [20]

rhi 5.969 mm [20]
rho 12.700 mm [20]
tk 0.6429 mm [20]
	 9.0 deg [20]
�b 0.088 —— [20]
�s 0.400 —— [20]
�h 0.3 —— [20]
�p 0.3 —— [20]
�h0 344.7 MPa [20]
�p0 1089.0 MPa [20]
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surface near the port. A maximum pyrotechnic force of approxi-
mately �18 kN (�11; 188 g) is predicted at t� 60 �s. Sub-
sequently, the pyrotechnic shock slightly decreases before stroke
(tstk � 93:74 �s) as gaswavesweaken, due to increasing gas volume
induced by piston motion down the bore. The abrupt decrease in
pyrotechnic shock occurring at t� tstk results from the impact of the
piston against the stops. The impact event causes the shock to change
direction and also excites the gas-dynamic fields, resulting in large-
amplitude oscillations (ringing). These oscillations very slowly
decay with time as the pressure waves equilibrate, though this is not
evident over the short time scale shown in the figure.

We now compare the predicted average expansion-chamber
pressure and piston-velocity histories with the experimental gas gun
data of Decroix et al. [33] for the baseline valve considered in this
study. Pressure data were recorded by a transducer located within the
expansion chamber; no experimental data are currently available for
the actuator, due to the extreme environment created by the explosive
burn. Figure 11a shows the predicted and measured expansion-
chamber pressure histories. The high-frequency fluctuations in the
experimental data are likely due to unwanted noise. Although our
model overpredicts the measured pressure, it reasonably predicts the
pressurization rate and the low-frequency oscillations observed
during stroke. A peak pressure of approximately 215 MPa is pre-
dicted at t� 40 �s, whereas a peak value of approximately 170MPa
is measured by the experiments at t� 40 �s. The predicted pressure
history for the limiting case of zero piston resistance is also shown to
illustrate how piston inertia alone affects device operation. The zero-
resistance case still results in a higher peak pressure and a higher
depressurization rate than the measured value. Differences between
the predicted andmeasured profiles are possibly due to the simplified
valve geometry used in this study and/or complex thermodynamic
effects. Although speculative, this discrepancy may also be due to
incomplete explosive burn in the experiments, which would induce
lower pressures. Assuming that 5% of the initial explosive mass
remains unburned (�7:5 mg), then the peak expansion-chamber

pressure would be reduced by approximately 15 MPa, based on the
initial chamber volume and an average chamber temperature of
3500 K. Moreover, postfire evaluation of valve actuators indicates
the existence of small amounts of explosive residue, though this
residue has not been chemically analyzed or weighed, to our
knowledge. A detailed examination of how explosive mass affects
expansion-chamber pressurization is given in the following section.

In the apparatus used to measure the piston-velocity history, the
back end of the valve bore was extended and slightly modified to
enable optical access to the piston by a VISAR system (velocity
interferometer system for any reflector). Additionally, the piston
stops were removed to enable the piston to travel beyond its normal
stroke distance. Both the actuator and piston used in the experi-
ments are identical to that used in the actual valve. Figure 11b
shows themeasured and predicted piston-velocity histories; here, the
simulations were allowed to continue beyond tstk to enable longer
time comparisons with the data. The high-frequency fluctuations
in the experimental data are possibly due to waves within the solid
piston that are recorded by the highly sensitive VISAR system.
Overall, the model reasonably predicts the measured piston-velocity
history. The case of zero piston resistance substantially overpredicts
piston velocity during stroke.

V. Parametric Analysis

In this section, we characterize the sensitivity of our model to
independent variations in key parameters. In particular, we focus on
burn-rate parameters, because they directly control gas power
production within the valve and there is uncertainty in their values
under the extreme conditions of actuation. We also focus on param-
eters that are important from a design perspective, including port
cross-sectional area and explosive mass. The model sensitivity to
other constitutive and geometric parameters is characterized in [25].
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A. Burn-Rate Parameters

The location of the explosive boundarywithin the actuator evolves
based on Eq. (16); this expression depends on both the pressure-
dependent explosive-burn rate re, given by the first expression of
Eq. (15), and the collective surface area Ae of Ne simultaneously
burning spherical explosive grains, given by the last expression of
Eq. (15). Values for the burn-rate prefactor a and exponent n are
usually determined based on closed-bomb experiments. In this study,
baseline values for a and n were taken from the literature for the
explosive HMX [31], and the baseline value for Ne was chosen so
that predictions for the firing of an actuator containing 150 mg of
HMX into a 1 cm3 rigid vessel match experimentally measured
pressure histories [20].

We first vary the burn-rate exponent over the range 0:70 � n �
0:86 and fix all remaining parameters, including the burn-rate
prefactor, at their baseline values. Many explosives and propellants
have values of n that fall within this range [31,34]. The predictions
are summarized in Fig. 12; curves in Figs. 12a–12c are terminated
when both combustion and stroke are complete. Figure 12a shows
predicted histories for the mass fraction of burned explosive m0

e,
where a value of unity corresponds to complete combustion.
Figures 12b and 12c show the average actuator and expansion-
chamber pressure histories. The explosive rapidly burns for large
values of n, with only marginal variations in the predictions relative
to the baseline case. The largest value of n� 0:86 exhibits fast
actuator pressurization with a peak average pressure of approxi-
mately 1330 MPa. The corresponding combustion and stroke times
of tburn � 11:86 �s and tstk � 86:53 �s are the smallest for the range
ofn values considered. Slower burn rates are predicted for decreasing
values of n, resulting in lower actuator pressurization rates, lower
peak pressures, and higher combustion and stroke times. For
example, the complete combustion and stroke times predicted for
n� 0:70 are tburn � 1183:61 �s and tstk � 436:36 �s. As shown in
Fig. 12c, similar trends are observed for the average expansion-
chamber pressure histories, except for n � 0:84, due to choked gas
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flow through the port that restricts expansion-chamber pressuriza-
tion. The predicted variations in complete combustion and stroke
times with n are summarized in Fig. 12d. Both the combustion and
stroke times asymptotically approach minimum values with
increasing n. The combustion time approaches a minimum value
of tburn � 11 �s, whereas the stroke time approaches a minimum
value of tstk � 87 �s. The baseline stroke time, tstk � 93:74 �s, is
only 8% greater than this minimum value, and the stoke times for
n � 0:79 arewithin 15% of this value. As such, stroke time is mostly
sensitive to changes in burn-rate exponent for n < 0:79.

We now consider variations in burn-rate prefactor over the range

0:20 
 10�7 � a � 8:00 
 10�7 m=s Pa�0:8

Most explosives and propellants have values that fall within this
range [31,34]. The predicted results are qualitatively similar to
those presented for the burn-rate exponent in that larger values of a
result in rapid combustion. Peak average pressures near 1275
and 225 MPa, respectively, are predicted within the actuator
and expansion chamber for the largest value considered, a�
8:00 
 10�7 m=s Pa�0:8, whereas lower peak pressures and pres-
surization rates are predicted for decreasing values of a. The
complete combustion and stroke times again asymptotically ap-
proach minimum values with increasing a, with the combustion time
exhibiting greater sensitivity, as shown in Fig. 13a. The minimum
stroke time is tstk � 87 �s, with little variation predicted for
a � 2:926 
 10�7 m=s Pa�0:8.

Next, we characterize how the number of burning explosive grains
Ne affects predictions for the baseline valve configuration. This
parameter arguably contains the most uncertainty of all model
parameters; grains will likely fracture due to the extreme actuator
environment following ignition, and it is prohibitively difficult to
directly measure this quantity based on observation. Here, the
number of burning grains is varied over the range 100 � Ne �
250; 000; all remaining parameters, including the explosivemass, are
fixed at their baseline values. As such, the grain radius will vary over

the corresponding range 572 � Re � 42 �m (the baseline value
Ne � 10; 000 corresponds to Re � 123 �m). Relative to the base-
line value, the burn surface area decreases by approximately
78.5% for Ne � 100 and increases by approximately 192.4% for
Ne � 250; 000. The predictions are again qualitatively similar to
those for the burn-rate parameters already considered. Rapid
combustion is predicted for large values ofNe, due to increased burn
surface area, resulting in high peak pressures and pressurization
rates. Predicted average expansion-chamber pressure histories are
almost identical for Ne � 100; 000. Predictions for the complete
combustion and stroke times, summarized in Fig. 13b, asymptoti-
cally approach minimum values of tburn � 10 �s and tstk � 87 �s,
with the combustion time exhibiting greater sensitivity. Stroke time
predictions for Ne � 5; 000 are within 15% of this minimum value.

In summary, independent variations in the explosive-burn-rate
parameters a, n, and Ne about their baseline values, which were
chosen based on physically plausible arguments, result in quali-
tatively similar responses. Reasonably large variations in these
parameters result in only small changes in piston stroke time and
velocity; as such, marginal uncertainty in the burn rate is not likely to
significantly alter valve performance.

B. Design Parameters

Valve geometry and explosive mass represent some of the most
important features from a design perspective. Many geometric
parameters exist, even for our simplified valve, including the actuator
length and diameter, the expansion-chamber length and diameter,
and the piston mass and shape, just to list a few. Here, we focus on
characterizing the effect of port diameter on valve performance,
because it plays a particularly critical role in controlling pres-
surization of both the actuator and expansion chamber. We also
examine how explosive mass affects performance, because it is
often difficult to a priori determine the minimum mass needed
for successful valve operation; the use of excessive mass may result
in undesirable consequences.

To assess the effect of port diameter, we define a port scale factor
by st � Dt=D

�
t , where D

�
t denotes the baseline diameter given in

Table 4; the baseline valve configuration corresponds to st � 1:0.We
consider variations over the range 0:125 � st � 1:875. Figures 14a
and 14b show the average actuator and expansion-chamber pressure
histories for several values of st. Small ports, with approximately
st < 0:5, exhibit large peak actuator pressures and pressurization
rates, due to the combined effects of restricted gas flow into the
expansion chamber and pressure enhanced combustion. Larger
ports, with approximately st > 1:5, exhibit slow actuator pres-
surization, due to mostly unobstructed gas flow through the port,
resulting in lower burn rates. Fastest expansion-chamber pres-
surization occurs for the baseline configuration, in which a peak
pressure of approximately 215 MPa is predicted at t� 40 �s. Thus,
valves with either large or small port cross-sectional areas, relative
to the baseline configuration, result in slower expansion-chamber
pressurization. The extent to which port diameter was optimally
selected based on analysis and experimentation during valve devel-
opment is unclear to the authors. It is important to emphasize that the
model was not tuned to obtain this result.

Figure 15a gives corresponding predictions for piston-velocity
history. In addition to longer stroke times, valves with extreme
values of st exhibit irregular piston-velocity histories. For example,
the piston velocity for st � 0:125 exhibits mild oscillatory behavior
until t� 250 �s before accelerating to stroke. Close inspection of
the piston velocity for st � 1:875 also indicates slightly irregular
features, due to strong gas-dynamic–wave interactions at the
piston surface. Though all cases result in successful valve operation,
those possessing irregular motion are undesirable from a design
perspective. Figure 15b summarizes the predicted combustion and
stroke times. Valves with st < 1 exhibit faster combustion times,
due to higher actuator pressurization rates induced by restricted gas
flow through the smaller ports. Though small ports result in higher
combustion-energy release rates, slower convective transport of this
energy to the expansion chamber increases stroke time. Valves with
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st > 1 facilitate convective transport to the expansion chamber, but
reduce the combustion rate by limiting actuator pressurization.
These predictions indicate that the baseline configuration results in
optimal performance based on stroke time. Corresponding pyro-
technic shock histories for st � 0:25, 1.0, and 1.875 are shown in
Fig. 15c. High-frequency oscillations are observed for st � 0:25,
due to repeated wave reflections between the explosive boundary
and the actuator side of the port, though the shock magnitude is
relatively low. Fewer oscillations are predicted for larger values of
st, due to less restricted flow through the port, but the shock
magnitude increases. A peak force of approximately �26 kN
(�16; 161 g) at t� 105 �s is reached for the extreme case of
st � 1:875. These significant differences in pyrotechnic shock sig-
nature suggest that nonintrusive shock measurements can poten-
tially diagnose whether or not a valve port has been accidentally
obstructed by actuator/explosive debris.

To assess the effects of explosive mass, we define a mass scale
factor by se � me=m

�
e, where m

�
e is the baseline value given in

Table 4. For this analysis, we consider the range 0:25 � se � 3:0,
which corresponds to 37:5 � me � 450:0 mg. The explosive-grain
size (i.e., Re � 123 �m) is fixed, whereas the number of explosive
grains Ne varies based on the given mass. Further, the initial clear-
ance length (volume), defined as the distance (volume) between the
initial explosive boundary and the port throat, is fixed for
consistency. The final actuator length, therefore, will also vary based
on the explosive mass. Figures 16a and 16b show the average
actuator and expansion-chamber pressure histories. Large values of
se exhibit high peak pressures and pressurization rates, due to larger
gas mass and energy production. For se � 3:0, peak pressures of
approximately 1580MPa at t� 13 �s and 440MPa at t� 37 �s are
predicted in the actuator and expansion chamber, respectively.

Corresponding piston-velocity histories are shown in Fig. 17a.
The largest explosive mass results in the shortest stroke time of
tstk � 64:17 �s, with a maximum velocity of 245 m=s. The piston
stroke time increases, and velocity decreases, with decreasing se.
Irregular piston motion results for se � 0:5, due to insufficient
energy release; in fact, the piston unsuccessfully strokes for

se � 0:25, resulting in valve failure. The complete combustion and
stroke times are summarized in Fig. 17b. Valves with large values
of se exhibit fast combustion and stroke times, but they produce
large pyrotechnic shocks, as shown in Fig. 17c. For se > 2, only a
marginal gain in stroke time is obtained with a large increase in
pyrotechnic shock. The largest case considered (se � 3:0) produces
an intense pyrotechnic shock with a peak force of approximately
�48 kN (�29; 835 g) at t� 51 �s and large-amplitude oscil-
lations following piston stroke. These predictions indicate that
excessive explosive mass, while seemingly beneficial in terms of
stroke time and velocity, may produce unacceptably strong
pyrotechnic shocks.

VI. Miniature Valves

In this section, we examine how valve performance varies with a
linear reduction in size relative to the baseline configuration. All
valves considered here are geometrically similar, with dimensions
specified by a uniform scale factor that is defined by s � l=L, where
L is a baseline dimension and l is the corresponding dimension of the
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scaled valve; the baseline configuration corresponds to s� 1:0. We
consider the range 0:125 � s � 1:0 and assume ad hoc that the
ignition process produces burning grains of roughly the same initial
size for all cases. The number of burning grains is computed based on
the explosive mass and scaled actuator volume. All remaining
parameters are fixed at their baseline values. Scale-dependent
tribology and material properties are not accounted for in this
analysis; as such, it gives only leading-order predictions for the
variation in valve operation and performance with size.

In this study, valves are categorized based on the terminology
introduced by Gonthier et al. [35]. Three categories exist that which
depend on the piston-velocity history: overdriven, transitional, and
underdriven. Overdriven valves have piston-velocity histories that
are largely insensitive to scale, whereas those of underdriven valves
are irregular and depend on scale. Transitional valves refer to those
that border underdriven-valve behavior in terms of scale and
represent a practical design limit for these geometrically similar
valves. This terminology is not meant to imply, however, that the
corresponding explosive energy release for underdriven valves is
insufficient to overcome the integrated work required for stroke;
rather, it simply refers to the onset of irregular piston motion.

Figures 18a and 18b show the predicted piston position and
velocity histories for several values of s; here, the histories are
truncated following piston stroke for clarity. Valves corresponding to
0:75 � s � 1:0 are overdriven in that their velocity histories
smoothly increase with time through stroke. The predicted stroke
time for these valves ranges from tstk � 93:74 �s for s� 1:0 to
75:77 �s for s� 0:75, corresponding to stroke lengths of 6.0 and
4.5 mm, respectively. Underdriven valves are predicted for
0:125 � s � 0:4375, because their initial piston-velocity behavior is
irregular. For example, the velocity history for s� 0:3125 initially
increases quickly, then slowly increases for a small time period
(approximately 20 � t � 30 �s) before quickly increasing again to
a final value of 115 m=s at tstk � 62:75 �s; this irregular behavior is
more pronounced for smaller values of s. In fact, pistons
corresponding to 0:23< s < 0:30 even decelerate for part of their
motion, as shown in Fig. 18b for s� 0:25 (20 � t � 30 �s).

Figures 18c and 18d show the average actuator and expansion-
chamber pressure histories. As shown in the figures, peak actuator
pressures decrease significantly with decreasing values of s.
Overdriven valves attain peak values of 615 � �pa � 800 MPa
before depressurizing due to gas flow through the port; peak
expansion-chamber pressures are in the range 200 � �pec �
215 MPa. Underdriven valves exhibit low actuator pressurization
rates, due to rapid gas flow through the port relative to the burn rate.

Figure 19 summarizes the predicted scale-dependent variation in
mass specific piston kinetic energy at stroke and the complete
combustion and stroke times. These plots clearly illustrate key
differences between overdriven and underdriven valves. Overdriven
valves are characterized by complete, or nearly complete, explosive
combustion before piston stroke, whereas underdriven valves are
characterized by significantly higher combustion times relative to
their stroke times. Moreover, the mass specific piston kinetic energy
at stroke is largely scale-independent for overdriven valves and is
nonmonotonically scale-dependent for underdriven valves.
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Finally, pyrotechnic shock predictions for s� 1:0 and 0.125 are
shown in Fig. 20. For small values of s, the shock signature consists
of high-amplitude, high-frequency fluctuations resulting from strong
gas-wave interactions. As shown in Fig. 20b, the smallest valve
considered in this study (s� 0:125) induces the strongest shock.
Because electronic components are sensitive to both shock mag-
nitude and frequency, these predictions indicate that care should be
exercised in the design and development of miniature valves for
aerospace applications.

VII. Conclusions

A transient quasi-1-D model was formulated and numerically
implemented to characterize the operation and performance of
explosively actuated valves. The model accounts for acoustic energy
transport within and between actuator and expansion-chamber
volumes, gas-wave interactions with both the burning explosive
surface and the piston boundary, mechanical interference due to
elastic–plastic contact between the piston and valve bore, valve
cross-sectional area variations, and gas volume changes due to solid
explosive combustion and pistonmotion. The IBVPwas numerically
integrated in terms of generalized coordinates using a TVD high-
resolution shock-capturing technique.

Predictions for a baseline valve configuration agree reasonably
well with experimental data for piston stroke time, expansion-
chamber pressure and pressurization rate, and piston velocity.
Though complex pressure fields are predicted within the valve,
pistonmotion is largely insensitive to the gas-dynamic pressure force
acting on its surface, due to inertia and piston-bore resistance.
Further, pressure-dependent explosive burn within the actuator is
largely unaffected by product-gas waves emanating from the
expansion chamber, due to mass choking at the port.

The effect of independent variations in key model parameters,
relative to their baseline values, onvalve performancewas examined.
Predictions indicate that port cross-sectional area, an important
design parameter, controls both the combustion-energy release rate
and expansion-chamber pressurization rate. Valves with large ports
release combustion energy slowly, due to mostly unobstructed flow
of product gas into the expansion chamber, resulting in long stroke
times. Valves with small ports experience slow expansion-chamber
pressurization, due to obstructed gas flow through the port, resulting
in both irregular piston motion and long stroke times. The port area
for the baseline configuration results in optimal performance in terms
of both piston motion and stroke time. Variations in explosive mass,
another key design parameter, were also shown to significantly affect
both valve performance and pyrotechnic shock. Valves with too little
mass experience irregular piston motion, whereas large mass results
in a large pyrotechnic shock and onlyminimal improvement in piston
motion and stroke time over the baseline configuration.

An analysis of small valves, corresponding to a linear reduction in
size relative to the baseline configuration, identified three per-
formance categories that depend on scale: overdriven, transitional,
and underdriven. Overdriven valves (with 0:75 � s � 1:0, where the
scale factor s� 1 corresponds to the baseline configuration) result in
optimal performance characterized by smooth, regular, piston mo-
tion and short stroke time, with relatively mild pyrotechnic shock.
These valves experience both rapid combustion and expansion-
chamber pressurization and have a mass specific piston kinetic
energy at stroke that is scale-independent. Underdriven valves
(0:125 � s � 0:4375) result in irregular piston motion and very
large, high-frequency, pyrotechnic shocks that should be carefully
considered in the design and development of miniature valves for
aerospace applications. Transitional valves (0:4375< s < 0:75)
border underdriven-valve behavior and represent a practical design
limit for these geometrically similar valves.

Several modeling improvements can be made to better reflect
actual valve behavior. For example, the burst disc that hermetically
seals the explosive within the actuator before operation and enables
pressure build immediately following ignition was ignored in this
study. Inclusion of this disc in the model would be straightforward
and may cause a stronger starting shock to propagate through the

expansion chamber and impact the piston, thereby affecting its initial
velocity. The simple combustion zone model formulated in this
study may also be modified to account for the dispersal of burning
explosive grains throughout the actuator and expansion-chamber
volumes. Such a modification, however, would likely require a
considerably more complex description based on a multiphase-field
theory, similar to that formulated by Baer and Nunziato [36] and
Bdzil et al. [37], to describe detonation transition in granular
explosives.
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